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The dynamic stability of a free–free Timoshenko beam with a concentrated
mass is analyzed when a pulsating follower force P0 +P1 cos Vt is applied. The
discretized equation of motion is obtained by the finite element method, and then
the method of multiple scales is adopted to investigate the dynamic instability
region. The effects of axial location and translation inertia of the concentrated
mass are studied. The change of combination resonance types due to P0, the
relationship between critical forces and widths of instability regions in the vicinity
of 2v1 (twice the first natural frequency of the bending vibration), and the effect
of shear deformation are also examined.
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1. INTRODUCTION

In general, forces acting on a structure can be divided into conservative forces and
non-conservative forces. The follower force is a typical example of non-
conservative forces. When a structure is under a constant follower force whose
direction changes according to the deformation of the structure, it may undergo
static instability (divergence) whereby transverse natural frequencies merge into
zero, and dynamic instability (flutter), where two natural frequencies coincide with
each other resulting in the amplitude of vibration growing without bound.
Examples of structures subjected to constant follower forces include missiles,
rockets and space vehicles changing orbit under thrust.

As is well known, the free–free beam serves as a simple model for missiles or
rockets, and the thrust control machine can be thought of as a concentrated mass
attached to the beam. The stability of free–free beams under constant follower
forces has been studied in many papers [1–5]. Main results reported in those papers
include the stability characteristics of the beam under controlled or pulsating
follower forces [1], the effects of gain and location of control sensors, and the
influences of rotary inertia and shear [2, 3]. In particular, Park [4] and Park and
Mote Jr. [5] examined the maximum follower force of a free–free beam carrying
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a concentrated mass. They predicted the location and magnitude of the mass that
maximizes the critical force. Also, Sugiyama et al. [6] investigated the dynamic
stability of a cantilevered column under a rocket thrust by regarding the rocket
motor as a rigid body with a finite size (not as a point mass), and presented both
theoretical and experimental results verifying the importance of magnitude and
size of the concentrated mass.

On the other hand, Higuchi and Dowell [7, 8] examined the instability
phenomena of a completely free edged plate by modal analysis, neglecting the
rotary inertia and shear deformation due to constant follower forces. It was shown
that critical forces are sensitive to the variation of aspect and Poisson ratios.

When a beam or a plate is exposed to an axial or in-plane pulsating force not
greater than a critical value, they respectively experience an axial or in-plane
vibration only. However, if certain conditions are satisfied between driving
frequency and transverse natural frequency, then dynamic instability called
‘‘parametric resonance’’ occurs and the amplitude of transverse vibration increases
without bound. This kind of instability was studied in references [9–12] for a beam
under axial pulsating thrusts with focus placed on the effects of boundary
conditions, longitudinal resonance, spring characteristics and slenderness ratio,
etc. Recently Kar and Sujata [13] dealt with a rotating cantilever beam with an
end mass under a transverse follower parametric excitation. The extended
Galerkin method was utilized together with the method of multiple scales to
investigate the influences of system parameters. Cederbaum and Mond [14]
examined the relationship between stability and viscoelasticity of a viscoelastic
column whose behavior is characterized by the Boltzmann superposition principle.
Lee [15] treated an inextensible beam and analyzed how initial curvature and tip
mass affect the dynamic instability.

Existing results reveal that pulsating forces also have an effect on the stability
of aerospace structures. Young and Chen [16, 17] studied a cantilevered skew plate
on which aerodynamic and harmonic in-plane forces act simultaneously. In
references [18–20] a laminated composite plate with periodic loads was analyzed
with respect to lamination scheme, lamination angle, boundary conditions,
stiffening scheme and thickness, etc.

To the authors’ knowledge, no literature except [1] has been concerned with the
stability of a free–free beam under a pulsating follower force. This paper discusses
the stability of a free–free Timoshenko beam carrying a concentrated mass under
a pulsating follower force. The discretized equation of motion is obtained by the
finite element method, and then the method of multiple scales is adopted to
investigate the dynamic instability region. Numerical results are presented to
demonstrate how the instability region changes according to parameters, such as
the location and transverse inertia of the concentrated mass, and the shear
deformation.

2. THEORY

A simple beam with length L is shown in Figure 1. A pulsating follower force
P0 +P1 cos Vt is applied to the beam at an angle c(L, t) with respect to the x-axis



Concentrated mass

L

Z, w

X, u

Z, w

P0 + P1 cos Ωt

P0 + P1 cos Ωt

X, u

x0

Ψ(t)Ψ

  625

Figure 1. Free-free Timoshenko beam model subjected to pulsating follower force.

for an undeformed beam, where P0 and P1 are the magnitudes of constant and
time-varying forces, respectively, and V is the driving frequency. A concentrated
mass is attached at x0.

2.1.     

Let c(x, t) and w(x, t) respectively denote the rotation in the x-z plane and the
deflection parallel to the z-axis of the beam. Then the displacement fields with
account taken of shear deformation are given by

u1(x, y, z, t)=−zc(x, t), u2(x, y, z, t)=0, u3(x, y, z, t)=w(x, t), (1)

where u1, u2, u3 are interpreted as the displacements of an arbitrary point (x, y, z)
along the x-, y- and z- axes, respectively. Note that the displacement of the neutral
axis is neglected in (1). For the displacement fields given in (1), the strain energy
U is given by

U= 1
2 gV

tijeij dV= 1
2 g

L

0

[EIc2
,x + kAG(w,x −c)2] dx, (2)

where EI denotes the bending stiffness and kAG the shear stiffness. On the other
hand, the total kinetic energy T of the beam model can be computed by summing
the kinetic energies of the beam itself and the concentrated mass as [5]:

T= 1
2 gV

ru̇iu̇i dV+ 1
2Mw(x0, t)2

,t + 1
2Jc(x0, t)2

,t

= 1
2 g

L

0

[rAw2
,t + rIc2

,t ] dx+ 1
2Mw(x0, t)2

,t + 1
2Jc(x0, t)2

,t (3)
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where rA is the mass per unit length, rI is the inertia per unit length, M and J
are the translation and rotary inertia of the concentrated mass respectively.

The compressive axial force varies linearly along the axis for a beam with
uniformly distributed material. However, the additional inertia force effect should
be considered if a concentrated mass is attached. As a result, the axial force is
distributed according to the function [5]

P
 (x)= [rAx+MH(x− x0)]/[rAL+M](P0 +P1 cos Vt), (4)

where H is the Heaviside function. Also, the external works Wc and dWnc done
by axial and vertical components of the follower force are described as follows:

Wc = 1
2 g

L

0

P
 (x)w2
,x dx, dWnc =−(P0 +P1 cos Vt)c(L, t)dw(L, t). (5, 6)

2.2. 

For the system described in Section 2.1, Hamilton’s principle can be expressed
by

d g
t2

t1

(T−U+Wc ) dt+g
t2

t1

dWnc dt=0. (7)

To discretize the equation of motion induced by Hamilton’s principle, one uses
three-node Lagrange beam elements, as follows:

w= s
3

i=1

hiwi , c= s
3

i=1

hiui , (8)

where hi denotes the shape function which is described in reference [24].
Applying Hamilton’s principle and the finite element method, one obtains the

following equation of motion:

M{ü}+[Ke − aPcrKgs ]{u}−[bPcrKgt cos Vt]{u}=0, (9)

where a=P0/Pcr , b=P1/Pcr , Pcr is critical load, {u} is the n-dimensional vector
of the beam, M is the mass matrix, Ke is the bending stiffness matrix, Kgs and Kgt

respectively denote the geometric stiffness matrices due to constant and
time-varying follower forces. If, as in this paper, constant and time-varying forces
are applied in the same way, then one has Kg =Kgs =Kgt . Let K=Ke − aPcrKg

and rewrite equation (9) as

M{ü}+K{u}− bPcr cos VtKgt{u}=0. (10)

Note that K is an unsymmetrical matrix due to the non-conservative force.
M and K are now transformed into diagonal matrices using modal

transformation. In general, one rigid body translation mode and one rigid body
rotation mode appear for a free–free beam. To exclude the effect of rigid body
modes, modal vectors related to only elastic vibration modes are used in the
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transformation. Let F and C be the n×(n−2) normalized right and left modal
matrices respectively. Substituting the transformation {u}=F{h} and premulti-
plying by CT on both sides, equation (10) leads to the following equation of
motion:

I{ḧ}+L{h}− bPcr cos VtR{h}=0 (11)

with CTMF= I, CTKF=L, CTKgF=R and I the identity matrix. Note that the
diagonal entries of L are just the squares, w2

t , 1E iE n−2, of the natural
frequencies of the beam under a constant follower force. Rewriting (11) in
component form, one has

ḧj +w2
j hj +[2e cos Vt] s

n−2

m=1

R	 jmhm =0, j=1, 2, . . . , n−2, (12)

where e=−b/2 and R	 jm =RjmPcr . According to the method of multiple scales, the
solutions of (12) can be expressed by a series expansion of e as follows [23]:

hj (t, e)= s
a

m=0

emhjm (T0, T1, T2, . . . ), j=1, 2, . . . , n−2, (13)

where Tn = ent, n=0, 1, 2, . . . .
Through the first order approximation, i.e., by considering the first two terms

only in (13), one can define transition curves that separate stable solutions from
unstable ones in the e−V plane by (see [23] for details)

(a) V2vp +vq (sum type combination resonance)

V=vp +vq 2 e[R	 pqR	 qp /vpvq ]1/2 +O(e2), (14.1)

(b) V2vq −vp (difference type combination resonance)

V=vq −vp 2 e[R	 pqR	 qp /−vpvq ]1/2 +O(e2). (14.2)

From (14.1) and (14.2), it is easily seen that the sum type and difference type
combination resonances cannot exist simultaneously for any pair of natural
frequencies vp and vq . Furthermore, if a force is of a constant direction type, then
the difference type combination resonance does not appear due to the symmetry
of R. For a follower force, however, R	 pq and R	 qp can have opposite signs, and so
the difference type may also exist.

3. NUMERICAL RESULTS AND DISCUSSION

For analyzing the dynamic stability, non-dimensional parameters are defined as:
V� =[V2rAL4/EI]1/2 (driving frequency), v̄i =[v2

i rAL4/EI]1/2 (natural frequency),
P�cr =PcrL2/EI (critical force), S= kAGL2/EI (shear deformation parameter),
R= I/AL2 (rotary inertia parameter of beam), M� =M/rAL (mass ratio between
concentrated mass and beam), J�= J/rAL3 (rotary inertia parameter of
concentrated mass), m= x0/L (axial location of concentrated mass from
non-thrusting end).
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T 1

Comparison of critical force

S=106 S=103

M� =0·2, M� =0·2, M� =0·2, M� =0·2,
M� =0 J�=0 J�=10−3 M� =0 J�=0 J�=10−3

Present 111·4 181·6 177·9 102·4 161·1 159·4
Reference [5] 111·5 186·5 181·6 102·6 160·9 159·9
Reference [4] 109·6 178·6 – – – –

First, the validity of the code used in the present numerical calculations is
checked. To this end the critical forces generated by the code with those of
references [4] and [5] is compared, for the case where the beam divided into 20
elements and is under a constant follower force. Comparison results are
summarized in Table 1. In the case of S=103, the critical forces of the code differ
only by 0·3% or so from those of [5]. When S=106 and a concentrated mass is
considered, 2·6% in maximum difference is observed. On the other hand,
approximately 1·7% differences exist between the present code and [4] when the
free–free beam is considered as an Euler–Bernoulli beam (note that the effects of
rotary inertia and shear deformation rarely appear when S=106). These
comparison results indicate the validity of the code using 20 Lagrange elements.

3.1.      P0 

Perturbation theories, including the method of multiple scales, are based on
the assumption that some coefficients of terms are sufficiently small [23]. Figure 2
compares the first and second order approximations of solutions given in (13). The

Figure 2. Comparison of 1st expansion and 2nd expansion solutions (S=106, R=0, a=0·4).
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Figure 3. Parametric instability region of beam without a concentrated mass, (a) S=102;
(b) S=103; (c) S=106 (R=0, a=0·4).

expressions for transition curves for the latter case can be found in [23]. Solutions
of the type V=vq 2vp are chosen to determine the range of b for the numerical
calculation. From the figure it is easily seen that, for 0E bE 0·1, transition curves
for the first and second order approximations show no big difference. Furthermore
the two curves almost coincide with each other in the region corresponding to
relatively higher frequencies. As a result, one may restrict numerical studies to the
region 0E bE 0·1 and can ensure the accuracy of results concerning the dynamic
instability obtained by using the first order approximation.

Dynamic instability regions for S=102, 103 and 106 are plotted in Figure 3.
And the first four non-dimensional natural frequencies and the critical force for
each case are listed in Table 2. Instability regions due to the combination of
different modes appear around v2 −v1 and v3 +v1 in all cases. Other instability
regions are observed near v4 −v1 and v3 −v2 for S=102 and 106 respectively.
Note that the regions around 2v1, 2v2 and v2 −v1 have relatively larger widths
than the others. Such effects of shear deformation are shown in Figure 4 in detail.
Since stability boundary curves expressed by the first order approximation are
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T 2

Non-dimensional natural frequencies and critical forces (R=0)

S v̄1 v̄2 v̄3 v̄4 P�cr

102 16·15 43·15 76·11 109·93 61·6
103 16·00 51·33 105·76 174·54 102·4
106 15·93 52·84 112·74 193·81 111·4

linear, one can compute the variation of an instability region using the following
equation [19]:

R� ij =R
 ij /R
 s [V� 2
s /V� iV� j ]0·5 (15)

where R
 s and V� s are reference values. The term ‘‘slope ratio’’ indicates R� ij , i.e., the
ratio of width between reference instability region and other instability regions.
The result reveals that the effect of shear deformation becomes remarkable for
S=103 and less, from which one can conclude that shear deformation reduces the
widths of instability regions.

Figure 5 shows the influence of P0 on the dynamic instability for the same values
of S. The width near 2v1 for a=0·1 is used as a reference in the figure. An abrupt
increase of the instability region can be seen as P0 approaches the critical force.
This indicates that the larger the mean external force P0 is, the more unstable the
structure becomes. For small a, combination resonance occurs in the sum type
v3 +v1. However, it is replaced by the difference type v3 −v1 for large a. In
Figures 5(a) and (c) the transition points are a=0·44 and 0·62 respectively, which

Figure 4. Effect of shear deformation (R=0, a=0·4).
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Figure 5. Effect of a on parametric instability region of beam without a concentrated mass,
(a) S=102; (b) S=103; (c) S=106 (R=0).

implies that the transition occurs at smaller a as S decreases, i.e., as the effect of
shear deformation increases. Investigating the width of the instability region near
2v1, one can see that it initially decreases and then increases from some value of
a. In Figure 6, the first non-dimensional natural frequency curve (v̄1) under
constant follower force is shown. Note that in both figures the curves start to
increase from the same value of a. This phenomenon appears when critical forces
are of the flutter type, and can also be observed in section 3.2.

3.2.     

In Figure 7 the effect of the location of the concentrated mass on dynamic
instability for the case M� =0·2 is shown. The first four non-dimensional natural
frequencies and the critical force for each case are listed in Table 3. An instability
region appears around v2 −v1 regardless of the location of the mass. On the other
hand, other types of combination resonances are very sensitive to the location of
the concentrated mass. While combination resonances occur in the form of
v3 +v1 and v3 −v2 for m=0·3, they change to the types v3 −v1 and v3 +v2

when m=0·5. In the case of m=0·6, only difference type combination resonance
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Figure 6. Eigenvalue curve of a beam subjected to a constant follower force without a
concentrated mass (R=0).

appears except near 2v1. The plots for m=0·7 and 0·9 show that combination
resonance of the sum type replaces that of the difference type as m increases.

Figure 8 shows how the width and type of instability region change according
to a and m. The reference is the slope of the instability region near 2v1 for a=0·1.
When m=0·3, the type of combination resonances changes from v3 −v2 and
v3 +v1 to v3 +v2 and v3 −v1 respectively. However, for m=0·5, instability
regions, except near 2v1, become wider without any change in combination
resonance types. At m=0·7, the instability region near v3 +v1 increases according
to a, and then decreases from a=0·68. Note that this point does not coincide with
the point from which the instability region near 2v1 starts to increase. When
m=0·9, the combination resonance type changes from v3 +v1 to v3 −v1. The
entire instability region increases abruptly in the case of m=0·5, and becomes less
sensitive to a when the concentrated mass is located near the end point. Comparing

T 3

Non-dimensional natural frequencies and critical forces (S=103,
R=0·00032, M� =0·2, J�=0)

m v̄1 v̄2 v̄3 v̄4 P�cr

0·3 18·93 49·34 104·09 172·34 89·8
0·5 18·20 55·77 95·94 174·53 88·3
0·6 18·59 52·49 104·34 157·02 104·6
0·7 18·43 48·53 103·08 168·40 159·0
0·9 18·26 55·88 109·64 172·16 79·6
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Figure 7. Parametric instability regions of beam with a concentrated mass, (a) m=0·3; (b) m=0·5;
(c) m=0·6; (d) m=0·7; (e) m=0·9 (S=103, R=0·00032, M� =0·2, J� =0, a=0·2).

the results for m=0·3 and 0·7, one can see that the instability region undergoes
less change as the concentrated mass approaches the thrusting end rather than the
non-thrusting end. The case where m=0·9 shows a different tendency from others
in that the instability region keeps increasing in size. As mentioned in section 3.1,
this is related to the type of critical force. Namely, as can be seen from
Figures 8(a)–(c), the instability region near 2v1 and curve of v̄1 simultaneously
start to increase from the same value of a when the critical force is of the flutter
type. The curve of v̄1 does not appear here. However, the critical force is of the
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Figure 8. Effect of a on parametric instability region of beam with a concentrated mass,
(a) m=0·3; (b) m=0·5; (c) m=0·7; (d) m=0·9 (S=103, R=0·00032, M� =0·2, J� =0).

Figure 9. Effect of translational inertia of a concentrated mass, (S=103, R=0·00032, m=0·7,
J� =0, a=0·2).
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divergence type for m=0·9 and so the instability region around 2v1 continues to
increase in this case.

Figure 9 describes the effect of the translational inertia of the concentrated mass.
The reference is the slope of the instability region near 2v1 when a thrust
corresponding to a=0·2 at m̄=0·02 is applied. It is easily seen that the larger
the translation inertia of the concentrated mass, the smaller the instability region.
In other words, the system becomes more stable as the mass ratio between the
concentrated mass and beam increases. Also, the increase of M� alters the
combination type from v2 −v1 to v2 +v1.

4. CONCLUSIONS

In this paper the dynamic stability of a free–free Timoshenko beam with a
concentrated mass for a pulsating follower force P0 +P1 cos Vt has been studied.
The discretized equation of motion was obtained by the finite element method, and
then the method of multiple scales was used to investigate the dynamic instability
region.

The conclusions obtained in the paper can be summarized as:

(1) The variation of the instability region near 2v1 is closely related to the type
of critical force. When the critical force is of the flutter type, the instability region
initially decreases and then starts to increase from some value of P0. However, the
region increases monotonically according to P0 for a divergence-type critical force.

(2) Some of the combination resonances change from sum type to difference or
vice versa as P0 increases.

(3) Combination resonances related to higher modes are very sensitive to the
location of the concentrated mass. For example, difference type combination
resonances are dominant for m=0·6, but sum type combination resonances
appear remarkably for m=0·9.

(4) The translational inertia of the concentrated mass enhances the stability by
reducing the instability region.

(5) Shear deformation decreases the instability region and changes the types of
combination resonances.
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